Introduction and statement of results
Let j(z) be the modular function for SL 2 where q = e 2πiz . The coefficients c(n) possess some striking properties. By "Monstrous Moonshine," these integers occur as degrees of a special graded representation of the Monster group, and they satisfy some classical Ramanujan-type congruences. In particular, Lehner proved [11] that if p ≤ 7 is prime and m is a positive integer, then for every n ≥ 1 we have
if p = 2, 0 mod 3 2m+3 if p = 3, 0 mod 5 m+1 if p = 5, 0 mod 7 m if p = 7.
(1.2)
Modulo 11, it also turns out that c(11n) ≡ 0 (mod 11) for every positive integer n.
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Here we investigate the more general question concerning the existence of congruences of the form
where G p (x) ∈ Z[x]. The result quoted above implies that congruences of the form (1.7)
do not hold for any primes p > 12m + 1. This follows from the simple fact that the only polynomials in j(z) whose Fourier expansions do not contain negative powers of q are constant.
In Section 2, we give a general criterion (Theorem 2.3) that proves such congruences, and we apply it to Hilbert class polynomials. For a fundamental discriminant
be the associated Hilbert class polynomial. More precisely,
is the polynomial of degree h(−D) whose roots are the singular moduli of dis- 
(2) For every prime p, there is a nonpositive integer N p such that 
x − j(E) .
(1.11)
These products are over isomorphism classes of supersingular elliptic curves. It is a classical fact (e.g., see [19] ) that the degree of S p (x) is p/12 .
The criterion for proving congruences of the form (1.7) is stated in terms of the 
Three remarks.
(1) After this paper was submitted for publication, Bill Duke and the referee informed us of earlier work of Michel [12] . In this recent paper, Michel obtains equidistribution results which imply Theorem 1.4 for discriminants for which p is inert.
His proof, which is different from ours, is based on subconvexity bounds for L-functions.
Our proof, which also includes the ramified cases, is based on nontrivial estimates of Fourier coefficients of half-integral weight cusp forms. Both proofs are somewhat related via Waldspurger's formulas connecting values of L-functions to Fourier coefficients.
(2) Theorem 1.4 is ineffective due to the ineffectivity of Siegel's lower bound for class numbers. It is possible to obtain effective results by employing various Riemann hypotheses (e.g., see work [13] by the second author and Soundararajan concerning
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Ramanujan's ternary quadratic form), or by assuming the nonexistence of Landau-Siegel zeros.
(3) Theorem 1.4 is closely related to the work of Gross and Zagier [6] which provides the prime factorization of norms of differences of singular moduli in many cases.
In Section 2, we use a result of Koike (arising in his study of "p-adic rigidity of j(z)") to prove Theorem 2.3. In Section 3, we recall preliminary facts regarding endomorphism rings of elliptic curves with complex multiplication and quaternion algebras, and Proposition 1]), which is a special case of work of Dwork and Deligne [3] , describes the Fourier expansion of j(pz) (mod p 2 ) in terms of j(z) and the collection of supersingular j-invariants. Since clearly j(pz) ≡ j(z) p mod p, we can describe the Fourier expansion of j(pz) (mod p 2 ) via the reduction modulo p of the expansion of (j(pz) − j(z) p )/p.
2)
where F denotes the derivative of F.
Proof. By linearity it suffices to prove this for F = x k (k = 0, 1, 2, . . .). The case k = 0 is trivial; k = 1 is Theorem 2.1; and for k > 1 we may either raise the congruence in Theorem 2.1 to the power k and reduce mod p 2 , or argue by induction from the case k − 1 and the same congruence, obtaining
as claimed.
We can now deduce our congruence criterion using little more than the theory of Hecke operators.
be a monic polynomial of degree m, and let
where a(0) is the constant term in the Fourier expansion of F(j(z)).
Proof. For
Denote by T 0 (p) the operator pT (p), that is, p times the usual weight zero pth Hecke operator. Then we have
The modular function F(j(z)) | T 0 (p) is in Z[j(z)] since it has integer Fourier coefficients and is holomorphic on
F (x p ). By Corollary 2.2, it follows that F(j(pz)) (mod p 2 ) is congruent modulo p 2 to an integer polynomial in j(z), namely, F(j(z)) p + pF (j(z) p )δ p (j(z)). Thus (2.8) yields the desired congruence modulo p between F(j(z)) | U(p) and a polynomial in j(z). Moreover, this polynomial must have degree ≤ m/p because F(j(z)) | U(p) has valuation ≥ −m/p at the cusp.
For (2), we observe that the condition S p (x) 2 | F(x) of (1) is vacuous for p ≤ 11, because S p (x) = 1 for those p. Thus F(j(z)) | U(p) is always congruent mod p to a polynomial in j of degree at most m/p. In particular, if m < p, then this polynomial reduces to a constant, which must equal a(0) by the definition of U(p).
Throughout, p will denote a prime. We begin by recalling certain facts about elliptic curves with complex multiplication (e.g., see 
of R is a two-sided ideal with R/π a finite field of p 2 elements and π 2 = pR.
Let K = Q( √ −D) be an imaginary quadratic field with ring of integers O D . More generally, for a positive integer m congruent to 0 or 3 mod 4, let is given by
in which u(D) = (1/2)#O × d and w R = #R × . Moreover, θ L is a holomorphic modular form of weight 3/2 and level 4p. then we obtain an optimal embedding
9)
and moreover the embedding is normalized: if x = f(a), then x is the residue of a in k.
Any embedding equivalent to a normalized one is again normalized, because conjugation by a unit in R × commutes with our map x → x. Since any two isomorphisms E ∼ = E 0 differ by multiplication by a unit in R × , one sees that the equivalence class of f is uniquely determined by (E, i). Conversely, given a normalized optimal embedding f : O D → R,
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Deuring's lifting theorem (see [6, Proposition 2.7] ) asserts that there is a CM elliptic curve (E, i), unique up to isomorphism, such that E ∼ = E 0 , and its associated optimal embedding is normalized and equivalent to f.
Note now that embeddings of O K into R come in conjugate pairs {i,ī}, whereī(a) = i(ā) = i(a). If p is inert in K, then in each pair {i,ī} exactly one of i,ī is normalized, whereas if p is ramified in K, then every embedding is normalized. We have thus proved the following lemma. 
10)
then
11)
where R = End(E 0 ) and ε = 1/2 or 1 according as p is inert or ramified in K. 
This turns out to be a simple consequence of well-known deep results of Siegel [16, 17, 18] , Duke [2] , and Iwaniec [7] . Indeed, one has by [16, 17, 18] precisely, he shows in [5, (12.11) ] (this is 2G in his notation, see also [10, Section 8] ) that 
15)
where h(−D) is the ideal class number of K.
By Siegel's theorem [16, 17, 18] , one has
for every > 0 when (−D/p) = 1. On the other hand, a theorem of Duke [2] , which extended earlier work of Iwaniec [7] , implies that the coefficients of the cusp form The lower bound of this inequality is dictated by the fact that the degree of S p (x) is p/12 , and the upper bound is chosen so that the U(p) operator does not produce a Fourier expansion with negative powers of q.
Computations reveal that if −239 < −D < 0 and p is an odd prime satisfying 
